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1 Representations and Maschke’s Theorem

1.1 Representations

Let F' be a field, G be a group, and V be a finite dimensional vector space. An F[G]-
module structure on V is the same as a homomorphism p : G toAutp(V). IF V = F™,
then Autp (V) = GL,,(F) by choosing the standard basis.

Definition 1.1. A representation of G over F' (or an F-representation of G) is an
F-vector space V' together with a homomorphism p : G|to Autg (V).

We sometimes write py to denote the homomorphism associated to the representation

V.

Example 1.1. If G < GL,(F), then the inclusion homomorphism p : G — GL,(F) is
a representation. Then GL, O F™ by left multiplication, and this restricts to an action
G O F™.

Example 1.2. We have the permutation representation S,, = GL,(Z) — GL,(F'), which
sends a permutation to its associated permutation matrix.

Example 1.3. We have p: R — GLy(R) given by

[ cos(f) sin(@)] '

pl0) = —sin(f) cos(0)

Definition 1.2. The trivial representation is F' with the trivial G-action: p: G — F*
sends g — 1.
Definition 1.3. The regular representation is F[G] as a left F'[G] module.

If G is finite, then the dimension of the representation is |G|.



Definition 1.4. Two representations are isomorphic (or conjugate) if their underlying
F[G]-modules are isomorphic: py,(g) = ¢ o py(g) oo~}
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We can speak or representations being irreducible (simple), semisimple, or indecom-
posable.
Definition 1.5. A subrepresentation is an F[G]-submodule.
Example 1.4. 1-dimensional representations are irreducible.

Example 1.5. Let D, = (r,s), where p is prime be a dihedral group. We have the
representation p : D, — GLy(IF,) sending

O I G E F

This is injective, so the representation is faithful.
The representation p is indecomposable but not irreudcible: F,-e; is Fp[Dp]-stable, but
it does not have a complement. Any v ¢ F, - e; spans IFZ as an Fp[D,]-module.

1.2 Maschke’s theorem and decomposition into irreducible representa-
tions

Theorem 1.1 (Maschke). Let G be a finite group, let F' be a field of char t |G|, and let V
be an F-representation of G. Then every subrepresentation of V is a direct summand.

Proof. Suppose W C V is a subrepresentation. If B’ is a basis of W, extend it to a basis
B of B. Now define the projection of F-vector spaces p : V. — W sending p(b) = b if
be B and p(b) = 0 if b ¢ B’. To make this into an F[G]-module homomorphism, define
m:V — W by

7(v) Z g "p(gv).
e e
This is F-linear. Reindexing by k = hg, we get

m(hv) G Zg Yp(ghv) = Z hk~ = hr(v),
‘ | geG ‘ keG

so 7 is an F[G]-module homomorphism. We claim that this 7 splits the inclusion W — V.
To see this, for w € W,
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Since 7 splits W — V', W is a direct summand. O



Corollary 1.1. If G is finite and Char(F) { |G|, then F|G] = Hle M,,,(D;), where D; is a
finite dimensional division algebra with center a finite extension of F'. If F is algebraically
closed, then F|G] = [[X_, My, (F).

Example 1.6. We have Q[Z/p7) = Qlz]/(z¥ — 1) = @ x Qfz]/(®y) = Q x Q(Gy).
Example 1.7. Since C is algebraically closed, we have C[Z/pZ = CP.
Example 1.8. On the other hand, Fy[Z/pZ] = Fp[z]/(aP—1) = Fy[z]/(x—1)P = Fply]/(y)?.

Let F' be finite, char(F') {1 |G|, and F be algebraically closed. Then we have F[G] =
[[-i= 1ka(F)7 and there exist k£ isomorphism classes of irreducible representations
V; =2 F™. As F[G]-modules, we have F[G] = V"' @ --- @ V"* as F|[G]-modules. so
G| =% n2, where n; = dimp(V;).

Proposition 1.1. Given as above, k is the number of conjugacy classes in G.

Proof. Z(M,,(F)) = F, so dimp(Z(F[G])) = k. Denote C, as the conjugacy class of
g€ G. Let Ny = Zhecg h € F[G]. If g # h, then N, Nj, are F-linearly independent. Also
observe that G O F[G] by conjugation: h(}_ agg)h™! =3 agzghg~!. The invariant group
under this action is Z(F(G)). Since Ny is fixed by this action, Ng € Z(F[G]). So k > the
number of conjugacy classes.

If 2 =3 ag9 € Z(F[G]) and h € G, then z = aghgh™ = > g h—1ghgs SO ag =
ap-1gp, for all k. So a, is constant on conjugacy classes. So z € spanp({Ng}). So k is the
number of conjugacy classes. O

Definition 1.6. If V and W are representations of G with V' semisimple and W irreducible,
then the multiplicity of W in B is the largest n such that W" C B.

Example 1.9. The group S3 = {e} U{(12),(13),(23)}U{(123),(132)} has 3 conjugacy
classes. We have n? +n3+n3 = |S3| = 6, so ny = ny = 1, and ng = 2 (or some permutation
of this). Then C[S3] = C x C x M(C).

We have the trivial representation S3 — C* sending ¢ — 1 and the sign represen-
tation sgn : S3 — C* sending o +— sgn(c). What is the third representation? We
know the permutation representation S3 to GL3(C); this has dimension 3, so it is not
irreducible. On the other hand, it is not abelian, so it cannot just contain copies of our
two previous 1-dimensional representations. So we can consider the subrepresentation
W = (eq — ea,e3 — e3). Check that if 7 = (12), then

T(e1 —e3) = e — eg, T(e2 —e3) = (e1 — e2) + (€2 — e3)

= pw(7) = [_01 ﬂ



If o = (123), then
o(e] —e2) = ez — es, oleg —e3=e3—e; = —(e—1—e3) — (e2 —e3)
N (o) = 0 -1
PWAT) =11 |-

Check that these matrices do not commute. So W is the 2-dimensional irreducible rep-
resentation we are looking for. These are all Q-representations, as well, so Q[S3] =

Q x Q x My (Q).
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